Abstract: This work presents a novel concept in stochastic optimization, namely, the notion of forward performance.
Introduction
Optimal asset allocation problems can be formulated as classical stochastic optimization problems. They typically consist of a time horizon, a controlled process (investor's wealth) and an optimization criterion represented as the conditional expectation of a wealth functional, given a relevant filtration. Maximizing this expectation, over a given set of admissible policies, yields the so-called value function.
To facilitate the exposition, we denote the state controlled process by X, the set of admissible controls by A and the relevant filtration by F t , 0 ≤ t ≤ T . The criterion to be optimized is of the form J = E (x,t) P (U (X T )) with U being a concave and increasing function, often referred to as the investor's bequest or utility. The value function V is, in turn, defined as (1.1)
V (x, t; T ) = sup A E (x,t) P (U (X T )) .
At t = T , it coincides with the utility datum and for previous times, it satisfiesunder weak model assumptions-the Dynamic Programming Principle. Namely, (1.2) V (X * s , s; T ) =      E P V X * s , s ; T F s for t ≤ s ≤ s < T U (X entirely on stochastic calculus and yields explicit expressions for the forward performance process and the optimal policies. The forward performance is constructed by combining differential and stochastic input, namely, a deterministic function of wealth and time, and two auxiliary processes (see, respectively, (4.2), and (4.3), (4.4) ). The first auxiliary process may be interpreted as a benchmark. The other is associated with a change of measure and may be used to represent the investor's views for the market's state away from equilibrium, or to model trading constraints. We work with exponential criteria (see (4.1)). We choose to do so for two reasons. Firstly, exponential preferences are most frequently used for pricing in incomplete markets, currently a very active area of research and applications. Their popularity is coming from the explicit solutions they generate as well as their direct connection to entropic dynamic risk measures. Secondly, the aim herein is to expose the advantages of working with forward exponential criteria instead of the backward ones. We will see that the proposed model is not only general and tractable, but it also yields a rich class of policies that capture distinct realistic situations. Indeed, we show that judicious choices of the coefficients of the market input processes generate a range of interesting strategies, including, among others, two extreme situations, namely, strategies that allocate zero or the entire wealth in the riskless asset. Our findings suggest that, if put in the right modeling perspective, exponential criteria do not produce naive, wealth-independent strategies, as it is the case in the traditional framework. Rather, they generate policies that seem suitable for a variety of applications in portfolio choice, and derivative pricing and hedging.
The paper is organized as follows. In section 2 we introduce the model and the notion of forward performance. In section 3 we present two motivational examples. In section 4 we analyze the general exponential case. We construct the solution and the optimal strategies and wealth. In section 5, we analyze the optimal investments, wealth and performance for various choices of market parameters and coefficients of the auxiliary processes. We conclude in section 6.
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The model and its forward performance
The market environment consists of one riskless and k risky securities. The risky securities are stocks and their prices are modelled as Ito processes. Namely, for i = 1, ..., k, the price S i of the i th risky asset solves
Brownian motion, defined on a filtered probability space (Ω, F, P) . For simplicity, it is assumed that the underlying filtration, F t , coincides with the one generated by the Brownian motion, that is
The coefficients µ i and σ i , i = 1, ..., k, follow bounded F t −adapted processes with values in R and R d , respectively. For brevity, we write σ = σ t to denote the volatility matrix, i.e. the d×k stochastic matrix σ ji t , whose i th column represents the volatility σ i t of the i th risky asset. We may, then, alternatively write (2.1) as
The riskless asset, the savings account, has the price process B satisfying dB t = r t B t dt with B 0 = 1, and for a bounded, nonnegative, F t −adapted interest rate process r. A fundamental assumption in the financial applications that motivated this study is the so-called absence of arbitrage. Consequently, it is postulated that there exists an F t −adapted process λ, taking values in R d , such that the equality
is satisfied for t ≥ 0, for all i = 1, ..., k. Using vector and matrix notation, the above becomes
where σ T stands for the matrix transpose of σ, and 1 denotes the d−dimensional vector with every component equal to one. The process λ is often referred to as a market price of risk. Note that, in general, it is not uniquely determined.
Starting at t = 0 with an initial endowment x ∈ R, at future times the investor invests the amounts π 
We will refer to X as the discounted wealth process. The investment strategies will play the role of control processes and are taken to satisfy the standard assumption of being self-financing, i.e. for s ≥ t ,
Writing the above in differential form, yields the evolution of the discounted wealth, where the (column) vector, π t = π i t ; i = 1, ..., k . The set of admissible strategies, A, consists of all self-financing F t −adapted processes, π, for which
Whenever needed, we will be using the notation X π to denote the solution of (2.3) when the control π is used.
We next introduce the notion of dynamic performance.
Definition 2.
1. An F t −adapted process U t (x) is a dynamic performance process if: i) the mapping x → U t (x) is increasing and concave, for each t ≥ 0, ii) for each self-financing strategy, π, and s ≥ t,
and iii) there exists a self-financing strategy, π * , for which
Remark: We, easily, see that the traditional value function V , (cf. (1.1)), is a dynamic performance. Indeed, if we define,
then U t (x) satisfies the criteria in the above Definition. Notice, however, the stringent requirement that the process U t does not change for t ≥ T. Herein, we focus our attention to dynamic performance processes that are specified at initial time, to be henceforth called forward performance processes. We give their formal definition below. Definition 2.2. An F t −adapted process U t (x) is a forward performance process if it satisfies the assumptions of Definition 2.1 together with the initial condition
where u 0 is a concave and increasing function of wealth.
We note that the forward performance process might not be unique. While lack of uniqueness is not important for the applications in mind, characterizing the class of all solutions is, in our opinion, an interesting and challenging question.
We conclude this section mentioning that forward formulations of optimal control problems have been proposed and analyzed in the past. For deterministic models we refer the reader, among others, to [3] , [12] and [13] . In stochastic settings, forward optimality has been studied, primarily under Markovian assumptions, in [2] via the associated martingale problems and construction of the Nisio semigroup (see, also [9] ). The object of study is
with X 0 (x) = x and U 0 a given initial input. A rich theory has been developed which addresses a variety of questions related, among others, to the validity of the Dynamic Programming Principle and construction of the solution and optimal policies across all times. While the forward performance process introduced herein plays a different role than V t , exploring how this theory can contribute to the study of forward solutions as well as to addressing some of the shortcomings of the existing terminal horizon (backward) problems is certainly worth pursing. 
Two examples
In order to provide intuition for the upcoming construction of the exponential forward performance process we present two representative examples. To facilitate the exposition, we assume that the market consists of a single stock and a bond and that the interest rate is zero. In the first example, we consider a binomial model while in the second we model the stock as in (2.1). To highlight the generality of the construction method, we take the binomial model to be incomplete. In both cases, the initial data is given by u 0 (x) = −e −x , x ∈ R. The solution of the binomial example, see (3.3 ) , suggests that the forward process can be constructed using a deterministic function of wealth and time, with the latter argument replaced by an appropriately chosen process. While the form of the deterministic input is, to some extent, not too surprising -due to the specific assumptions on the initial data -changing time is by no means standard. Notice that this is performed via a positive and non-decreasing process (cf. (3.2)) which depends on market movements but not on the investor's preferences. In the second example, we use these insights and produce a similar representation of the solution.
Example 1:
We consider a single stock whose levels are denoted by S t > 0, t = 0, 1, ... and define the variables ξ t+1 as
. A non-traded factor might be present whose values are denoted by Y t , (Y t = 0) , t = 0, 1, .... We, then, view {(S t , Y t ) : t = 0, 1, ...} as a two-dimensional stochastic process defined on the probability space (Ω, F, (F t ) , P) with P being the historical measure. The filtration F t is generated by the random variables S i and Y i or, by ξ i and η i for i = 0, 1, ..., t.
We denote by X t , t = 0, 1, ..., the investor's wealth process associated with a multi-period self-financing portfolio. We take α t , t = 0, 1, ..., to be the number of shares of the traded asset held in this portfolio over the interval [t − 1, t). Then, denoting by S t the increment S t = S t −S t−1 , we have, for s = t+1, t+2, ..., the binomial analogue of (2.3), namely, X s = X t + s i=t+1 α i S i with X t = x ∈ R. Proposition 3.1. Consider, for i = 1, .., the sets B i = {ω : ξ i (ω) = ξ u i } and the associated nested risk neutral probabilities
and introduce the process
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Forward
.
is a forward performance process.
Sketch of the proof: Using that sup αs E P −e −αs Ss+hs F s−1 = −1 (see, for example, [4] ), we observe that for s = t + 1, t + 2, ..., sup αt+1,...,αs
and proceeding inductively we conclude.
Example 2:
We consider a single stock whose price solves (cf. (2.1))
with S 0 = S > 0. The wealth process X satisfies (cf. (2.3))
with X 0 = x. We look for a forward solution in the form U t (x) = u (x, A t ) for some smooth concave and increasing function u (x, t) , with u (x, 0) = u 0 (x). For reasons that will be apparent in the sequel, we choose A t = t 0 λ 2 s ds. For an arbitrary control π, we, then, have
with α = σπλ −1 . We readily see that, due to the concavity assumption on u, the process U t (X π t ) would be a supermartingale if the above drift remains non positive. Because of its quadratic form, the appropriate drift sign is guaranteed if
x (x, t) , (x, t) ∈ R × (0, +∞) . Let us now look for a concave and increasing function solving
u xx and u (x, 0) = −e −x , t ≥ 0, x ∈ R.
Notice that a solution to the above is given by
Next, consider the control policy
with X * being the associated to π * wealth process. Assuming that the appropriate regularity conditions that guarantee solution to (3.5), if π * t is used, hold, we easily deduce that the above drift term vanishes, yielding
Using Definition 2.2 we conclude. We summarize these findings below. Proposition 3.2. Let the process λ be as in (2.2) and define
Let, also, u : (x, t) ∈ R × (0, +∞) be given in (3.6). Then, the process
is a forward performance.
Observe that the associated optimal policy (3.7) is not only explicitly given but, also, constructed in a feedback form via the stochastic functional Π *
uxx(x,t) . This feedback format comes as a surprise given the non Markovian nature of the model.
Forward exponential performance and log-affine solutions
In this section, we construct a class of forward performance processes under the assumption that the initial datum is of the exponential form,
for x ∈ R and y > 0. We recall that in the traditional exponential case, the coefficient y is a given positive constant, expressed in wealth units. It is the reciprocal of risk aversion and is often called the investor's risk tolerance. In the forward framework we propose herein, y will not be a constant. Rather, it will parametrize, as its initial condition, an auxiliary state process (see (4.3) 
below).
Following the insights gained by the two examples presented in the previous section, we seek a solution process constructed by combining a deterministic and a stochastic input. The first is given by the function u :
and is called differential performance input. It depends on individual characteristics, i.e. on the investor's wealth and initial risk preferences. The stochastic input consists of a pair of Ito processes, (Y, Z), solving, respectively, 
Their coefficients satisfy the assumptions given in Condition 4.2 below.
In the analysis that follows, we will be using the Moore-Penrose pseudo inverse matrix, denoted by σ + , of the volatility matrix σ . This concept was developed, independently, by Moore in 1920 and by Penrose in 1955 (see [10] ). The matrix σ + always exists even if σ fails to be invertible. This is, often, the case in incomplete markets and, thus, this (pseudo) invertibility notion seems to be very suitable for the applications we want to study. 
Condition 4.2. The processes δ, κ, η, ξ are taken to be bounded and F t −adapted. It is, also, assumed that
and
Moreover, the drift η of the process Z satisfies
We are now ready to present one of the main results. Then, for x ∈ R and t ≥ 0, the process
is a forward exponential performance.
Proof. We first observe that (4.1) is automatically satisfied by the choice of the initial conditions of Y and Z. The fact that U t (x) is F t −adapted is, also, immediate. We continue with the derivation of the semimartingale representation for the process U t (X t ) where X t satisfies (2.3), for a fixed π.
We set, for x = (x, y, z) , F (x) = u (x, y, z) with u as in (4.2). Setting
where " · " stands for the inner product in the appropriate space. Direct calculations yield
Moreover, the joint quadratic variation X satisfies
Therefore, for U t (X t ) = F (X t ) , we can write (to ease the presentation, we omit for the moment the time indices)
Using the dynamics of X, Y and Z, and the definition of β (cf. (2.5)), we deduce
and, in turn,
Next, we observe that Condition 4.2, together with the orthogonality of the vectors
Therefore, (4.10) simplifies to
We next choose, the feedback portfolio control process
Clearly, (2.3) has a unique solution, denoted by X * , solving
Consider now the process U t (X * t ) = u (X * t , Y t , Z t ) and recall that
with X solving (2.3) for a generic policy π. To complete the proof , it suffices to establish that they are, respectively, martingale and supermartingale with respect to F t and under P. The latter assertion follows directly from (4.11) and the negativity of U. For the former one, we see from (4.11) that U t (X * t ) satisfies (4.14)
and from (4.12),
The martingality property then follows from the assumptions on the coefficients and the choice of U.
Remark 1:
Note that under the assumption δ · (κ − λ) = 0, the dynamics of the auxiliary process Y can, also, be written as
with Y 0 = y > 0. Consequently, without loss of generality, in choosing the process Y, we assume from now on that κ = λ. We have
Remark 2: Under the choice of drift (4.8), the dynamics of the second auxiliary process Z become (4.17)
Next, we construct the optimal wealth process. For completeness, we restate some of the above findings.
The proof of (4.21) follows directly from (4.13), (4.19) , and Theorem 53 in [11] .
Theorem 4.4. Let Y and Z satisfying (4.16) and (4.18). For t ≥ 0, the associated optimal allocation process (cf. (4.12)) is given by
where X * is the unique solution to the wealth equation (2.3), with π * being used. Thus, the optimal discounted wealth process X * solves, for t ≥ 0,
It is, in turn, given by
where
Corollary 4.5. The optimal π * defined in (4.19) is an affine function of the initial wealth x, namely, for t ≥ 0,
The next result yields the optimal level of the investment system's performance. It follows directly from (4.9) and (4.14). Proposition 4.6. At the optimum, the forward exponential performance process is given by U t (X * t ) = u (X * t , Y t , Z t ) with u as in (4.2) and X * , Y and Z as in (4.21), (4.3) and (4.4). It has the semimartingale representation
and, hence, it is given by the martingale
Examples
We construct the forward performance process for various choices of model coefficients. We also compute and analyze the associate optimal wealth and asset allocation, as well as the optimal performance level. For convenience, we assume that the initial datum is assigned at t = 0.
We recall that π * = π 1, * , ..., π k, * is the vector of the optimal allocations in the k risky assets. It is given by (4.19) while the optimal discounted wealth, X * , is given in (4.21). Recall that the amount π 0, * = X * − 1 · π * B is the optimal allocation in the riskless asset, the discounted bond. Note that even in this simple case, the solution is equal to the classical exponential utility only at t = 0.
The optimal discounted wealth and optimal asset allocation are given, respectively, by Observe that π * is independent of the initial wealth x. Consequently, the total amount allocated in the risky assets is given by Clearly, such an allocation is rather conservative and is often viewed as an argument against the classical exponential utility. However, as examples below demonstrate, the class of forward exponential performances is rich enough to present an interesting range of allocations.
Case 2: σσ + (δ − λ) + (I − σσ + ) ξ = 0. We observe that this condition yields σ + (δ − λ) = 0 and σσ + ξ = ξ. It is, then, easy to see that Z t = t 0 ξ s · dW s and, in turn,
with Y as in (4.16). The optimal discounted wealth is given by
and logarithmic case appear sufficiently tractable, the general case, currently under study (see [7] ) poses several difficulties, related among others to existence of solutions to inverse problems of fast diffusion type. In a different direction, one could try to price claims using forward performance criteria. This has been done by the authors for incomplete binomial models and for diffusion models with stochastic volatility (see, respectively, [4] and [8] , and [6] ). The emerging forward indifference prices do not coincide with their traditional counterparts and have more intuitive structural representation properties.
